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1. Introduction 
In this appendix we study some of the results in Coppens’ article [l] in light of 
a local analysis of Grassmannians. In [l] one describes the tangent space dimensions 
of a subscheme of C’“‘, parametrizing e-secant (e -f- 1)-plane divisors for a curve 
embedded in P”. One could as well study the tangent space dimensions of a subscheme 
of the Grassmannian G(e -f- l,n), parametrizing e-secant (e -f- l)-planes. In 
many cases it is natural to expect that results concerning one of these parameter 
schemes implies results for the other. Indeed, we will show that Theorem 0.6 (c) and 
Theorem 0.7 of [l] have natural interpretations in terms of results about tangent 
spaces of subschemes of Grassmannians. These interpretations will be made explicit in 
Remarks 3 and 4, Theorem 6 and Corollary 7. We also try to view Coppens’ results in 
terms of a natural rank stratification of the tangent space of the Grassmannian (which 
is essentially a space of matrices), and in Suggestion 8 we indicate what we believe is 
true at this point. 
2. A local analysis of Grassmannians 
Let Gr(k, n) be the Grassmannian of projective k-spaces L in P” embedded in P” by 
the standard Pliicker embedding, where s = (; 1:) - 1. 
Let [I,] be a point of Gr(k, n). Denote by TrL, Gr(k, n) the embedded tangent space 
of Gr(k, n) at [L]. A point of the projectivization PT,,, Gr(k, n) = P(k+l)(n-k)- ’ gives 
a tangent line at [L] in P” (but not necessarily in Gr(k, n)) to some curve in Gr(k, n) 
passing through [L]. 
LetX1, . . . ,X.-k, Y1, . . . . Yk + 1 be coordinates of P”, and let the equations defining 
Lbe:X, =X2= ... = X,,_k = 0. Study the following rational family of k-planes in 
P”, parameterized by P’ = Proj K [ p, v]: 
pX1 = v(c1.1 Yl + “’ + Cl,k+lYk+l +&,1X1 + “’ +&-k-&-k), 
(1) 
&%-k = v(c,-k,lYl + “’ + Cn-k,k+lYk+l + 6k,lXl + ... + dn-k,n-kxn-kh 
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Here the ci,J and di,j are constants, and the k-plane L corresponds to the point (1,0) of 
P’. Using the Pliicker embedding one finds that the tangent direction at [L] of the 
rational curve in P” defined this way, is not dependent on the di,j; it can be identified 
with the point c = (cr,r, . . . ,~,_~,~+r) in P(k+l)(n-k)-l. In fact, we may ident- 
ify 
PTt,, Gr(k, n) = Proj K [ci,j] = P (k+l)(n-k)-1 
We study the equations obtained by eliminating p and v from (1): 
X1 c1,1 y1 + ‘.’ + Cl,k+lYk+l +&,1X1 + “’ + dl,,,-kxn-k 
rk ! I 1. 
Xn-k cn-k,l yl + “’ + Cn-k,k+lYk+l + d,-k,lXl + ‘.’ + dn-k,“-kxn-k 
(2) 
These equations cut out a determinantal scheme, associated with a map 
0:20( - 1) + (n - k)O of bundles of P”. By Example 14.4.1 in [2], one “expects” 
this determinantal scheme to be a (k + 1)-fold of degree n - k. We see that the 
Eqs. (2) do indeed define such a (k + 1)-fold if the linear equations of (1) are 
independent for each fixed value of (p, v) in P ‘. For a fixed choice of a point c in 
P(k+l)(n-k)-l, a generic choice of values (dl,l, . . . ,&_k,n_k) will make Eqs. (1) inde- 
pendent. 
Hence each point of PT,,, Gr(k,n) corresponds to an equivalence class of 
(k + l)-folds, each of which is a union of k-planes. The equations of equivalent 
(k + I)-folds are equal modulo In (they only differ in the di,j). If all di,j are zero, 
then Eqs. (1) are independent for all values (p, v) different from (0,l). If (p, v) = (0, l), 
we obtain q independent equations, where q = rk 6, where 6 = [ci,j], for 
i = 1, . . . ,n - k,andj = 1, . . . , k + 1. By a linear change of coordinates Eqs. (1) can be 
reduced to 
pxl = vhlyl + ‘*’ + Cl,k+lYk+l), 
(3) 
$$ = v(c,,lyl + ... + Cq,k+lYk+l), 
/ix,+1 = ... = px,_k = 0. 
Assume also k I (n - 1)/2. Then q I k + 1 I n - k. Using Example 14.1.1 in [2] 
again, we see that the (k + l)-fold, which is the closure of the union of the k-planes 
for (p, v) # (0, l), is a manifold of degree q in the (k + q)-space cut out by 
X q+2 = ... = Xn_k = 0 (In the language of [2, p. 2541, we have: The contribution 
to the degeneracy class Dl(a) of the (n - q)-dimensional component of the 
scheme Dl(cr), corresponding to (p, v) = (0, l), is then a (k + 1)-fold of degree 
(n - k - q). 
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For a general fixed choice (r = [ci,j] we have: 4 = min(n - k, k + 1). Hence, the 
(k + 1)-fold F is always contained in a (2k + 1)-space if we set all di,j equal to zero and 
assume k I (n - 1)/2. We now modify Eqs. (3) in the following way: 
pX1 = v(cr,rY1 + **’ + Cl,k+lYk+l +&,1X1 + **’ + dl,n-kxn-k), 
PX, = V(C,,lYl + “’ + Cq,k+lYk+l + dq,lXl + “’ + &-k&-k), 
px,+l = v(d,+l,lX1 + “’ + dq+l,n-kxn-k), (4) 
pxk+l = v(dk+l,lxl + “’ + dk+l,n-kxn-k), 
/ixk+z = .” =/&n-k = 0. 
In (3) we have reintroduced arbitrary fixed values of the di,j for i I k + 1, and thereby 
we obtain (4). We now take the (k + 1)-fold F, which is the closure of the union of the 
k-planes for (p, v) # (0,l) for a general fixed values of the di,j, using (4). NOW F will be 
contained in the (2k + 1)-space with equations Xk+ 2 = ... = Xnmk = 0. If 4 I k + 1, 
then F will be a cone with a (k - q)-dimensional vertex set, which is cut out by 
Cl,1 Yl + “’ + Cl,k+lYk+l = c,,lyl + ‘** + Cq,k+lYk+l 
=x1 =x2 = . . . =Xn_k co. 
Moreover, the degree of F will be k + 1. Summing up, we have: 
Remark 1. A point c of PTIL, Gr(k, n) can in a natural way be associated with: 
(a) An equivalence class of (k + 1)-folds F with the following properties (see (1)): 
deg F = n - k, F is a union of a family of k-planes parametrized by P’ . F spans P”. 
The equations of two such (k + 1)-folds are equal modulo the square of the ideal of L. 
One of the k-planes is L. For k I (n - 1)/2 (and dualizing for other k) 5 can also be 
associated with: 
(b) An equivalence class of (k + 1)-folds F with the following properties (see (4)): 
F is of degree k + 1 and is the closure of a union of a rational family of k-planes. All 
F are contained in, and span, the same P “+l inside P”. If 4 c k + 1, then all F have 
the same (k - q)-dimensional vertex set. Otherwise as in (a). 
(c) (Essentially different from (b)) only if rk (r < k + 1; see (3)). A (k + l)-fold F of 
degree 4 = rk (5, which is the closure of the union of a rational family of k-planes, such 
that each k-plane contains a fixed (k - q)-plane and is contained in a fixed (k + q)- 
plane, F contains L. 
3. Interpretation of results in Coppens’ article 
Let S be a subscheme of Gr(k, n), parametrizing the e-secant k-planes of a smooth 
curve C in P”. Such a scheme is defined as an immediate generalization from [3], 
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where one treats the case n = 3. Let L be an e-secant k-plane of C, and assume that 
S has tangent space dimension at least 1 at [L]. Then at least one point c of 
PT,,,Gr(k, n) occurs as a tangent direction of S at [L]. Naively, this should imply that 
(k + l)-folds of type (a), (b) or (c) as above, must in some way “illustrate an infinite- 
simal deformation of L as an e-secant k-plane to the fixed curve C”. Or moving L in 
the rational family in question of k-planes in F should simulate an infinitesimal 
deformation of an e-secant k-plane. Intuitively, there should be some kind of closeness 
between the (k + 1)-fold F and the curve C. It turns out that Theorems 0.6 and 0.7 of 
[l] describe this closeness qualitatively in some important cases. We will show how 
and why this is true. Recall the map 4”: V 0 Oc(e) + EL of Section 1 of [l], and set 
k + 1 = e - f to match the notation of [l]. Along the locus, say T, where 
rk 4” = e -f = k + 1, the restriction of the image of 4” to T is a locally free 
quotient of T/O Or of rank e -f, and therefore defines a map C@) + Gr(k, n): 
D + [Span(D)]. 
It can be shown that T with the scheme-structure Vzpf is isomorphic to a certain 
scheme derived by blowing up SIT along a sub-locus corresponding to (e + l)-secant 
k-planes. See [4, p. 21. Locally at points representing e-secant, but not (e + 1)-secant 
k-planes, the blow-up has no effect, and S is isomorphic to vi-f. We make the 
following: 
Assumption 2. L is not an (e + l)-secant k-plane, and L contains no e-secant (k - l)- 
plane. 
Remark. Assumption 2 implies that S at [L] is isomorphic to Vz/ee-s at the e-secant 
divisor D, and that the excess divisor D,, described in [l] is zero. 
Remark 3. Theorem 0.6(c) of [l] covers the case k = e -f- 1 = 1, and Assumption 
2 holds when r = deg D,, = 0. The result implies that the tangent space dimension of 
V,” is at least one if and only if Span(2D) is a P3, say M, and there is a quadric 
hypersurface Q of a certain type, with Q. C 2 20. We see that this “matches” our 
description in Remark 1 (b) above perfectly. Our quadric surface F above is M n Q, 
and Theorem 0.6(c) tells exactly “how close F must be to C” at the points of Supp(D). 
Remark 4. The proof of Theorem 0.6 of Cl], Remark l(b), (c), and other arguments, 
give: The quadric surface F = M n Q in Theorem 0.6 of [l] may be taken to be a cone 
if and only if dim V( - 20 + Pi) = n - 2 for some Pi in Supp(D). Moreover, the vertex 
of F is Pi. 
4. About Theorem 0.7 of [l] 
We will now interpret Theorem 0.7 of [l] in view of the discussion above. 
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Definition 5. Let 9 be the subset of all (n - k) x (k + 1) = (n - e +f+ 1) x (e -f)- 
matrices [cij] over the ground field K, such that [c,] is in 9 if and only if: All 
quadric hypersurfaces Q, defined by the set of Eq. (2), satisfy Q . C 2 20. 
We have: 
Theorem 6. Let the notation and assumptions be as in Theorem 0.7 of [l], and 
assume that the excess divisor D,-, = 0. Then the tangent space dimension of V,“-’ at D is 
dim 9. 
Corollary 7. Under Assumption 2 the tangent space dimension of S at [L] is equal to 
dim 8. 
Proof. The corollary is immediate from Theorem 6 and the local isomorphism 
described above. We now prove Theorem 6. Choose coordinates such that X1 is “a 
general hyperplane in V( - D) in the sense of [l], that is: C. X1 = D. 
Let f:Mn_k,k+l -+Kk+l be the natural projection map from the space of all 
(n - k) x (k + 1)-matrices onto Kk+l, mapping a matrix to its first(upper) row. First 
we prove that the restriction of f to 9 is injective. Assume this restriction were not 
injective. Then, for some i, there are two hyperquadrics: 
Ql:xl(ci,lY1 + ". + Ci,k+lYk+l) -xi(cl,lyl + ‘.. + Cl,k+lYk+l) = 0, 
Qz:Xl(bi,1Y1 + ." + bi,/c+~Yk+~) -X~(CI,IYI + "' + CI,~+I~~+I) =Q 
such that Qj. C 2 20, for j = 1,2. This implies that the hyperquadric: 
Qs:XIC(G,I -bi,l)Y~ + "' + (Ci,k+l - bi,k+l)Yk+ll = 0, 
satisfies Q3. C 2 20. This is impossible if not bi,j = ci,j, for all j, since C . X1 = D, and 
no non-trivial linear combination of the Yj are contained in V( - D), which is spanned 
by the Xi, since D is assumed to span a k-plane. Hence, the mapping f is injective. 
The proof of Theorem 0.7 of [l] identifies TD(Vf”-f) with the space of all upper 
rows in matrices of 9. The intersection condition in that theorem does however only 
involve those hyperquadrics Ql,j obtained by combining the upper row with an 
arbitrary other row (nr. j) in (2). We must show that the condition Ql,j. C 2 20 for 
these particular hyperquadrics Ql,j implies the condition Qi,j. C 2 20, for the hyper- 
quadric Qi,j obtained from combining rows nr. i and j in (2) for arbitrary i and j. We 
have: 
Q1.i: Xl(Ci,lYl + ‘** + Ci,k+lYk+l) - xi(cl,ly1 + **’ + Cl,k+lYk+l) = 0, 
Ql,j: Xl(Cj,1Yl + "' + cj,k+lyk+l) -xj(cl,ly~ + ..’ + Cl,k+lYk+l) = 0, 
and 
Ql,j: Xi(Cj,lY1 + ." + cj,k+lyk+l) -xj(Ci,~y~ + ..’ f Ci,k+lYk+l) = 0. 
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At each P, in Supp(D) think of the Xi and Yi as power series in a local parameters t,. 
We want to show that for each P,, the matrix 
[ 
X1 c1,1Y1 + ... + cl,k+lYk+l 
Xi Ci,lYl + .” + Ci,k+lYk+l 
xj cj,lyl + ..’ + cj,k+l Y k+l 1 
has rank 1 modulo t:ds, where D = C c&P,. Since Xl,XI,Xj are sections of V(- D), 
t,d, is a factor in each of these sections. We divide by this common factor, and then we 
want to show that the (revised) matrix has rank 1 modulo t$. Now (the revised) Xl is 
a unit, so the matrix has rank one if and only if both the second and third rows are 
multiples of the first row. But this is precisely the intersection condition assumed to be 
satisfied by the hyperquadrics Ql,i and Ql,j. Hence, Qi,j. C 2 20 also. 0 
Comment. The “expected” values of dim 9 and dim VFmf are (k + 1) - (n - k)f, 
whenever this number is at least - 1 (Here e - f = k + 1 as usual). A natural question 
is the following: Given a point D of VTms, and the assumptions of Theorem 6. Will 
dim 9 affect the rank of the matrices appearing in $? We give the following: 
Suggestion 8. Under the assumptions of Theorem 6 we have 
(a) dim 9 2j only if the maximal rank of the matrices contained in 9 is at most 
k + 2 -j, forj = 1,2, . . . , k + 2. In particular, dim 9 I k + 1. 
(b) dim$>jonlyifdimV(-20)2n-(2k+2)+j,forj=1,2,...,k. 
dim$=k+lifandonlyifdimV(-2D)=n-k-1. 
Remark. (i) It is clear that (b) implies (a) since dim V( - 20) 2 n - (2k + 2) -j 
implies that coordinates can be chosen in such a way that any matrix in 9 must have 
only zeros in n - (2k + 2) -j rows. This follows from the intersection properties of 
C and Ql,i: Xl(ci,lYr + “’ + Ci,k+lYk+l) - xi(cl,lyl + “’ + Cl,k+lYk+l) =(&for 
each Xi contained in V( - 20). 
Suggestion 8(b) is a natural generalization of Theorem 0.6(c) of [l] from the case 
k = 1 to general k, but we have not been able to prove the generalization. 
(ii) In the case Do # 0, th ere is a natural generalization of Theorem 6 if D,, = C ri Pi, 
D = C diPi, and all ri are either 0 or die Otherwise we see no elegant generalization. 
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